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$H\text{ }$ separable complex Hilbert space, $B(H)\text{ }H\text{ }$ bounded linear operator $\text{ }4$
$A\in B(H)$ pure $A$ reducing subspace $M$ $A|M$ normal
$\{0\}$ $S\in B(H)$ subnormal $H$
Hilbert space $I\mathrm{t}^{\Gamma}$ normal operator $N\in B(K)$
$NH\subseteq H,$ $S=N|H$
$S\in B(H)$ pure subnormal operator,
$N=$ on $K=H\oplus H^{\perp}$
$S$ minimal normal extension $N$ $S$ unitary
– $T$ $S$ unitary –
J. B. Conway [2] $T$ $S\text{ }$ dual $T$ pure subnormal operator
$S$ $T$ dual $S\cong T$ $S$ self-dual
subnormal operator
$T_{\phi}$ symbol $\phi\in H^{\infty}$ $H^{2}$ analytic Toeplitz operator
$T_{\phi}$ pure subnormal operator $T_{\phi^{*}}$ $S$ dual $\dot{\phi}^{*}(z)=\overline{\phi(\overline{z})}$
$L^{2}$
$\phi$ $M_{\phi}$ $T_{\phi}$ minimal normal extension
C. R. Putnam
(Putnam [4])
$\phi\in H^{\infty}$ $<(T\emptyset^{**}T\emptyset-\tau\phi\tau_{\emptyset})1/2$ trace class operator ${\rm Re}(M_{\phi})$
absolutely continuous part $({\rm Re}(M_{\phi}))_{a}$
$({\rm Re}(M_{\phi}))_{a}\cong{\rm Re}(\tau_{\emptyset})\oplus{\rm Re}(T_{\emptyset})$
${\rm Re}(S)=(1/2)(S+S^{*})$
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Morrel-Clancey
(Morrel-Clancey [3])
$S^{*}S-sS^{*}$ 1 pure subnormal operator $S$
$S\cong T_{az+b},$ $a>0$
operator- analytic symbol Toeplitz operator
$\partial D$ $F=\Sigma_{k=0}^{\infty}A_{k}e^{ik}\theta\in H^{\infty}(\partial D, B(H))$ $L^{2}(\partial D, H)$
operator $M_{F}$ $H^{2}(\partial D, H)$ operator $T_{F}$ $f(e^{i\theta})\mapsto F(e^{i\theta})f(e^{i\theta})$
$S=T_{az}+b,$ $a>0$
$a$ $:=$ $(S^{*}S-SS^{*})1/2|\mathrm{c}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{n}(S*S-^{s}s*)$ ,
$\overline{b}$
$:=$ $S^{*}|\mathrm{C}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{n}(s^{*s} - SS^{*})$
pure subnormal operator $S\in B(H)$
$A$ $:=$ $(S*S-SS*)^{1}/2|\mathrm{c}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{n}(S*s-ss*)$ ,
$B$ $:=$ $S^{*}|\mathrm{C}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{n}(S*s_{-}ss*)$ .
$B$ normal $AB=BA$ $S\cong\tau_{Az+B}*$
$S$ self-dual $AB=BA$ $S$
$A,$ $B$ $S$ dual dual $S$ $S$
dual $T$ $A,$ $B$ $S$ dual $T$ $S$ minimal normal
extension $S$ $S$ normal extension Ando
minimal normal extension
$H$ self-adjoint operator $T$ ran $T\oplus \mathrm{k}\mathrm{e}\mathrm{r}T$ $H$ densely defined
operator $T^{-1}$ $T^{-1}T=P,$ $T^{-1}(I-P)=0$ $P$ $H$ cl ran $T$
orthogonal projection $\mathrm{c}\mathrm{l}$ ran $T$ $T$ range closure $T^{-1}$
$T\text{ }$ partial inverse densly defined operator $S$ bounded
bounded extension $S$
Ando [1]
$S\in B(H)$ subnormal operator $A_{n},$ $S_{n}\in B(H)$
$A_{0}$ $=$ $0$ , $S_{0=}S$ ,
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$A_{n}$ $=$ $(A_{n-1}^{2}+S_{n-1n}^{*}s-1^{-S_{n}s_{n}^{*}}-1-1)^{1/}2$ ,
$S_{n}$ $=$ $A_{n}S_{n-1}A_{n}^{-1}$ ,
$A_{n}^{-1}$ $A_{n}$ partial inverse $n\geq 1$
$A_{n-1}^{2}+s_{n-1}^{*}S_{n-1}-S_{n-1}S_{n}*-1\geq 0$,
$SnAn=Ansn-1$







1 bounded normal operator $||S||$ $N$ ( $S\text{ }$ normal
extension
$N$ minimal Ando pure subnormal operator
minimal normal extension dual $A,$ $B$
$S\in B(H)$ pure subnormal operator, $C_{n},$ $D_{n}\in B(H)$
$C_{1}$ $=$ $A$ , $D_{1}=AB^{*}A^{-1}$ ,
$C_{n}$ $=$ $(C_{n-1}^{2}+D_{n-1}^{*}D_{n-1}-D_{n}-1D_{n-}^{*})^{1/2}1$
’
$D_{n}$ $=$ $C_{nn-1}DC_{n}^{-1}$ ,




$\mathrm{c}\mathrm{l}$ ran $D_{n}$ $\subseteq$ $\mathrm{c}\mathrm{l}$ ran $C_{n}$ ,
$\mathrm{c}\mathrm{l}$ ran $C_{n+1}$ $\subseteq$ $\mathrm{c}\mathrm{l}$ ran $C_{n}$
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$n\geq 1$ $\mathrm{c}\mathrm{l}$ ran $C_{n+1}$ cl ran $C_{n}$ operator $\ovalbox{\tt\small REJECT} n+1$
$C_{n+1}$
$\mathrm{c}\mathrm{l}$ ran $C_{n}$ cl ran $C_{n}$ operator $\wedge n$ $D_{n}$
cl ran $C_{1}\oplus \mathrm{c}\mathrm{l}$ ran $C_{2}\oplus \mathrm{c}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{n}C3\oplus\cdots$ operator
$\hat{C}_{2}^{*}$ $\hat{D}_{2}^{*}$
$\hat{C}_{3}^{*}$ $\hat{D}_{3}^{*}$
1 . $S$ dual
$S$ ( $S$ dual dual
$S\in B(H)$ pure subnormal operator, $E_{n},$ $F_{n}\in B(H)$
$E_{1}$ $=$ $A$ , $F_{1}=B$ ,
$E_{n}$ $=$ $(E_{n-1}^{2}+F_{n-1}^{*}F_{n}-1^{-}F_{n-}1F_{n-}*1)^{1/2}$ ,
$F_{n}$ $=$ $E_{n}F_{n-1}E_{n}^{-1}$ ,




$\mathrm{c}\mathrm{l}$ ran $F_{n}$ $\subseteq$ $\mathrm{c}\mathrm{l}$ ran $E_{n}$ ,
$\mathrm{c}\mathrm{l}$ ran $E_{n+1}$ $\subseteq$ $\mathrm{c}\mathrm{l}$ ran $E_{n}$
$n\geq 1$ cl ran $E_{n+1}$ cl ran $E_{n}$ operator $\wedge n+1$
$E_{n+1}$ cl ran $E_{\dot{n}}\mathrm{B}^{\backslash }\grave{\mathrm{b}}$ cl ran $E_{n}$ operator $\hat{F}_{n}$ $F_{n}$








$S\in B(H)$ pure subnormal operator $S$ self-dual subnormal operator
cl ran$(S^{*}s-SS*)$ unitary operator $U$
$U^{*}AU$ $=$ $A$ ,
$U^{*}BU$ $=$ $AB^{*}A^{-1}$ ,
$A^{-1}$ $A$ partial inverse
pure subnormal operator $S\in B(H)$ $B$ normal $AB=BA$
$\hat{E}_{n}=A,\hat{F}_{n}=B$
$S\in B(H)$ pure subnormal operator
$A$ $:=$ $(S^{*}S-SS^{*})1/2|\mathrm{c}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{n}(s*s-^{s}s*)$ ,
$B$ $:=$ $S^{*}|\mathrm{c}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{n}(s*s_{-}ss*)$.
$B$ normal $AB=BA$ $S\cong TAz+B^{*}$ .
$S$ self-dual subnormal operator unitary operator $U$
$U^{*}AU$ $=$ $A$ ,
$U^{*}BU$ $=$ $AB^{*}A^{-1}$ ,
Radjavi, Rosenthal [5] $B$ subnormal operator
$B$ normal operator $AB=BA$
$S\in B(H)$ self-dual subnormal operator $B$ subnormal
$S\cong T_{A_{\mathcal{Z}}B}*+$
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$F= \sum^{\infty}k=0Ake^{ik}\theta\in H^{\infty}(\partial D, B(H))$ $A_{k}$ normal operator
$j\geq 1$ $A_{j}$ compact $\bigcap_{k=1}^{\infty}\mathrm{k}\mathrm{e}\mathrm{r}A_{k}=(0)$ $M_{F}$
pure subnormal operator $T_{F}$ minimal normal extension $(T_{F^{*}}T_{F}-T_{F}T_{F^{*}})1/2$
trace class operator ${\rm Re}(M_{F})\rho)$ absolutely continuous part ${\rm Re}(\tau_{F})\oplus{\rm Re}(\tau_{F})$
unitary
$A_{0},$ $A_{1},$ $A_{2}\in B(H)$ normal operator $\mathrm{k}\mathrm{e}\mathrm{r}A_{2}=(0)$
$G=A_{0}+A_{1}e^{i\theta}+A_{2}e^{2i\theta}\in H^{\infty}(\partial D, B(H))$ $M_{G}$ subnormal operator
$\ovalbox{\tt\small REJECT}$ minimal normal extension
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